xJf = Z(-1)'** *-o where n = dim M and 6» = ith Betti number of M ( = dim of Hi(M; Q)).
Thus the geometric property of M having a nonzero vector field is expressed in terms of the algebraic invariant xM. We will discuss extensions of this idea to vector ^-fields, fields of ^-planes, and foliations of manifolds.
All manifolds considered will be connected, smooth and without boundary; all maps will be continuous. For background information on manifolds and vector fields see [30] , [34] and [67] .
1. The index of a tangent ê-field. By a tangent k-field on a manifold M, we will mean k tangent vector fields Xi, • • • , Xk, which are linearly independent at each point of M. If a ê-field is defined at all but a finite number of points, we will say that it is a è-field with finite singularities. In this section we discuss an algebraic invariant, the index, which measures whether or not one can alter a fe-field so as to remove its singularities.
To define the index we assume that the manifold M has been given a simplicial triangulation so that each point of singularity of the è-field lies in the interior of an w-simplex, where m = dim M. Let p be a point of singularity, say in the interior of a simplex <r. The tangent bundle of M restricted to a is isomorphic to the product bundle <r y>R m . We now assume that M is an oriented manifold, and the above isomorphism is then taken to be orientation preserving. For each point q in <r-{p} we can regard (Xi(q), • • • , X k (q)) as an ordered set of k linearly independent vectors in R m -that is, as a point in the Stiefel manifold V m , k . Since the fe-field is defined on the boundary of <r, <r, we obtain in this way a map à->V m , k . But à is an oriented (m -l)-sphere, and so the homotopy class of this map is an element of the homotopy group ir m -i (V m , k ). This class is defined to be the index of the fe-field at the point p. Finally, we define
where the sum is taken over all the singular points of the &-field. Thus,
Index (Xi, • • • , X k ) G aw-i(7m,*).
In general the index may change if the orientation of the manifold is reversed. (See, for example, Theorem 5 in this section; also, note §6.) The definition of the index is really a special case of the idea of the obstruction to a cross-section of a fiber bundle, developed by Steenrod [65, § §29-34] . From this point of view one sees that the index is independent of the choices made in its definition, apart from the choice of orientation.
The geometric significance of the index is given by the following result:
Let M be an m-manifold and let (Xi, For a proof see [65, §34.2] . This result enables us to split into two parts the problem of whether a manifold admits a &-field without singularities.
(1) Does M admit a fc-field with finite singularities? (2) If so, how does one compute the index? In this section we restrict attention to the second of these questions; the first question will be dealt with in §2. (We simply remark in passing that there is no lack of examples of manifolds admitting è-fields with finite singularities; e.g., every (k -l)-connected manifold has such a fe-field. ) We now compute the index of a fe-field for & = 1, 2. A 1-field X is simply a field of nowhere zero tangent vectors. Since V m ,i has the homotopy type of the sphere 5 m_1 and since 7r m _i5 w "~1«Z, we regard Index (X) as an integer. The theorem of Hopf, given in the Introduction, now takes on the more precise form: THEOREM 1 (HOPF) . Let M be a compact manifold and let X be a 1-ûeld on M with finite singularities. Then, Index X -Euler characteristic of M.
For a modern proof of Hopfs theorem, see [43] ; also [30, p. 258]. We now consider 2-fields with finite singularities, on manifolds of dimension m\ until the end of the section we assume that m>4. The index of such a 2-field is an element of the homotopy group 7r m _i( V m ,2)> a group which depends on the parity of m as shown below (see [50 ] ) : For tn^5, *w-i(y M( f) = Z 2 iim odd,
-Z ® Z 2 iim even.
We begin with the case m odd, and so the index is simply a mod 2 integer. To compute this we consider separately the cases m = 3 mod 4 and m=l mod 4. 
The proof is given in [74].
To discuss the case m=l mod 4 we need to introduce additional invariants. First, for any manifold M we have the Stiefel M=0 . (This implies that the structure group of the tangent bundle of M can be taken to be the Spinor group. See [45] .) Our result for w= 1 mod 4 requires that M be a, spin manifold. We also will need the mod 2 semicharacteristic, jUM, introduced by Kervaire [31 ] . Suppose that dim M = 2g+l; we define &M = i (dim Hi(M; Z 2 )) mod 2. Thus, jltM is a mod 2 integer. The proof is given in [76] .
REMARK (ADDED APRIL 2, 1969) . M. Atiyah has informed me of recent research of his on the vector field problem, using the AtiyahSinger Index Theorem [5] . Given a compact, orientable manifold M define the real Kervaire 
as mod 2 integers.
Note that this result does not require if to be a spin manifold. The relation with Theorem 3 is given by the formula
see a forthcoming paper by Lusztig, Milnor, and Peterson.
We now consider 2-fields on even dimensional manifolds. As remarked above, the homotopy group Tm-i(V m ,*) is isomorphic to Z®Z 2 , when m is even, and so we write the index with two components
As in the case of Hopfs theorem, one can show that
at least when M is orientable. Our concern here is the calculation of the Z2-Index. 
The proof is similar to that of Theorem 2 and is found in [74] . We are left with the case dim M=0 mod 4. For such manifolds (assuming they are compact and oriented) one defines an integral invariant, the signature of M, written aM. (Following recent usage [5] , [33] we call a M the signature rather than the index of M, as in [24] .) It is easily shown that aM=xM mod 2.
The following result has recently been obtained by D. 
The choice of sign is normalized by choosing generators for ir«_i(F« f j) so that the Z 2 -index (X u X 2 )=0, for a 2-field on CP 2k . An earlier result, with more restrictive hypotheses, is given in [76] .
Notice that in this theorem, in contrast with Theorems 1-4, the Z 2 -index depends upon the choice of orientation, provided that %M is an odd integer. (We are using here the fact that aM changes sign when the orientation is reversed, whereas xM is independent of the orientation.)
We summarize the results on 2-fields in the following table. Here M is a compact, orientable manifold, with a definite choice of orientation when dim M = 0 mod 4. 
An important fact shown by Theorems 1-5 is that the index of a fe-field, for k = 1 and 2 and for the manifolds given in these theorems, is independent of the choice of &-field.
We emphasize at this point that Hopfs theorem holds even for nonorientable manifolds-using cohomology with local coefficients one shows that the index of a 1-field is still given by the Euler characteristic (see [65, §39.7] ). On the other hand, in Theorems 2-5, we have assumed at least orientability of the manifold. Thus an outstanding problem is to compute the index of a 2-field on a nonorientable manifold. But here an interesting fact emerges. 
In particular, both 0 and 1 will occur as the index of a 2-field. In particular, every orientable 3-manifold is parallelizdble (i.e., has a 3-field), a result due to Stiefel [68] .
Dimension M = 4. The index of a 2-field here (assuming M orientable) has been computed by ; their results will be discussed in §3.
2. The span of a manifold. We now shift our emphasis away from the index of a fe-field, and consider instead simply the question of whether a manifold admits a è-field without singularities. In other words, for k>2 we will be less concerned with computing the index of a fc-field than with finding sufficient conditions for the index to vanish. To facilitate the discussion we make the following definition. DEFINITION 1. We define the span of a manifold M to be the maximal number of linearly independent vector fields on M.
Thus span M ^ k if and only if M has a ife-field without singularities. The central problem of &-field theory is the following Problem 4. Express the span of a manifold in terms of "familiar" algebraic invariants of the manifold.
The notion of a "familiar" invariant is, of course, relative; we give a list of some invariants at the end of the section. Also we propose several conjectures related to Problem 4.
Throughout this section we restrict attention to compact manifolds; very little is known in the noncompact case.
We wish to relate the material on the index, given in the preceding section, to the problem of determining the span of a manifold. To do this we need to know when a manifold has a &-field with finite singularities (see (1) in §1). More generally, suppose that M has been triangulated so as to be a simplicial complex. We then ask: When does there exist a k-field over the i-skeleton of M, M*, l^i^dim Ml The relevant facts are these [65, §38] .
Let m -dim M and choose k so that 1 g k ^ m. We now can use Table 1 in §1 to determine whether span M ^2 for ikf a compact, orientable manifold. One can continue for a ways in this fashion, giving necessary and sufficient conditions for M to have spanè3, etc., and we indicate such results later in the section. However, at this point we give examples of manifolds for which Problem 4 has been completely solved.
We consider first the «-dimensional sphere, 5 n , for n = l, 2, • • • . Now for n even x^^O and so by the Hopf theorem, Span S n = 0. We suppose then that n is odd.
For each odd positive integer n, we define the Hurwitz-Radon number h(n) as follows:
Write
where a, c, <2g:0 and erg3. Define
The proof of the theorem occurs in two parts: the first by Hurwitz in [28] , [29] , and the second by Radon in [55] . For a modern proof (using group representations) see Eckmann [12] .
A 
Therefore, by Theorem 8,
To give the proof, Adams defined cohomology operations for a new cohomology theory, X-theory, developed by Atiyah and Hirzebruch [4] . Thus Problem 4 is solved for S n ; the only invariant required is the dimension, n.
The standard representation of S n as the space of unit vectors in Rn+i gi V es an immersion of S n in R n+l , with a trivial normal bundle. In general we call an w-manifold M a ir-manifold if there is an immersion of M in R n+1 with trivial normal bundle. It turns out that Problem 4 has been solved for x-manifolds. A theorem of Hirsch [23] enables one to formulate an equivalent definition of a 7r-manifold : M is a 7r-manifold if and only if the tangent bundle of M becomes trivial by taking the Whitney sum of it with a trivial line bundle. This implies that if M is a 7r-manifold, we obtain a parallelizable manifold by removing a single point from M. And so we take this as the defining property for a broader class of manifolds than 7r-manifolds. We call a (compact) manifold M almostparallelizable if we obtain a parallelizable manifold by removing a single point from M. To tell whether an almost-parallelizable manifold is in fact a 7r-manifold, we need a new set of invariants, the Pontrjagin classes. These are integral cohomology classes WG^(I;2), k£ 0.
The relation between the Pontrjagin classes and span M is the following. Apart from these results on almost-parallelizable manifolds (including, of course, the particular cases of the spheres and 7r-manifolds), no solution of Problem 4 has been given for a large class of manifolds. The following two results enable one to give an upper bound to Span M for certain manifolds.
Let k be a positive integer. We say that a manifold M is kconnected mod 2 if Hi(M; Z 2 ) =0, for 0<i^k.
THEOREM 13. Let n be an odd, positive integer, and write
Suppose that M is a compact n-manifold which is 2 q~1~c onnected mod 2 and with w 2 q M=0. If Span M^2 q , then faM=0.
The proof is given in [14] . Since ^2<S n 7^0, the theorem is a generalization of Theorem 8.
Consider now oriented manifolds M with dim Af=0 mod 4; recall that a M denotes the signature of M [24] . Given a positive integer r, define an integer a r as follows: This result can be obtained using the theorems of Mayer in §3 of [41a] . (I am indebted to M. Atiyah for pointing this out.) D. Frank has obtained a similar result using a slightly different approach.
CONJECTURES ON SPAN M. Let n and k be integers with 2^k<n/2. Suppose that M is an orientable w-manifold with the following properties: As justification for the conjectures, they are known to be true in the following cases:
(i) TT-manifolds, by Theorem 11.
(ii) Almost-parallelizable manifolds of dim 4k with Pjt^O, by Theorem 12.
(iii) Since 2«>Span 5 n , Theorem 13 is a weak corroboration of one implication in Conjecture 2.
(iv) Conjecture 4 is stated to fit precisely the results given in Theorems 5 and 14. Conjecture 2 would imply that Span Mè9. Conjecture 3 is made simply on the basis of results obtained so far; if it is false, some interesting new invariants of manifolds should play a role.
REMARKS. 1. Hypothesis (B) is frequently redundant, given hypothesis (A). For by Wu [85] , unless k -1 (respectively k) is a power of two, one always has
. Also, work of Strong [69] shows that if k is greater than nine, then one always has Wk-iM = w k M = 0, given (A).
2. The conjectures given here are a revision of conjectures given in [81 ]. In particular, Conjecture 4 is new, based on the work of Frank.
STRONGER CONJECTURES. It is quite possible that some of the conjectures are true with weaker hypothesis than those given in (A)-(C). An example is to assume simply (A') M is (k -2) -connected mod 2. In fact the results given under (v), are proved assuming (A') at most.
An even stronger conjecture is to make no connectivity assumption on M, and replace (B) simply by (B') wiikf= • • • =w k M = 0. I think it highly likely that Conjecture 1 remains true under these hypotheses, and so I make this a separate conjecture. CONJECTURE 
Let M be a compact n-manifold, n odd t and let k be a positive integer such that &^Span S n . If WiM= • • • =WkM=0, then
Notice that hypothesis (C) has been omitted. The reason is that one can prove quite easily, using the theorem of Wu [86] , that:
Fact 5. Suppose that M is a compact w-manifold such that
where r is an integer such that 1 ^2 r^w . Let k be the unique integer such that 0^k< 2***, n = k mod 2 r +\ Then, Wn-iM = 0 for 0 ^ i < k and 8*w n -kM = 0.
Notice that by Fact 5, hypothesis (C) is not needed for Conjecture 1. Conjecture 5 has been verified for k = 2 (see Table 2 ) and for k = 3, as we now state. As with vector ^-fields, one can define a è-plane field with finite singularities. The method of §1 then associates with such a field an index which is an element of x m _ 1 (G m ,jfc). (Here we are assuming that w = dim M and we let G m ,k denote the Grassmann manifold of oriented ^-dimensional linear subspaces of R m . See [65] .) Now a field of oriented 1-planes is simply a tangent 1-field on M, which we have already considered. Thus we restrict attention to oriented fe-plane fields with k^2. For simplicity we will leave off the word "oriented, " though this will be assumed throughout the section.
We shift the problem slightly, as follows. Let rj be an (oriented) bundle over a manifold M, where dim rj < dim M.
Question 1. Does 77 give rise to a k-plane field on M (& = dim rj)? That is, is rj isomorphic to a sub-bundle of TM?
By considering a particular bundle rj it turns out that the fibration involved has fiber the Stiefel manifold V m ,k rather than the Grass-
for details). In particular, the bundle rj gives a &-plane field on the (m -k) -skeleton of M. We now compute the obstruction to 77 giving a &-plane field on M m~k+1 ; this will be a class in
Let J be a vector bundle over a complex X. We denote by [£] the stable bundle determined by £-i.e., [£] is an element in the reduced real K-theory group KÖ(X) (see [4] Thus with each oriented 2-plane bundle rj over an even-dimensional manifold M we can associate an index:
This group is as follows. (See [50] .)
2-PLANES ON 4-MANIFOLDS : THE WORK OF HlRZEBRUCH AND HOPF.
Hirzebruch and Hopf have solved completely the problem of computing the index to a field of 2-planes with finite singularities on an orientable 4-manifold. As noted above, the index is given by a pair of integers. We proceed to describe their result. Let M be a compact, 4-dimensional oriented manifold. 
for arbitrary a, ft G ®- 
for all a Go. [July
2-PLANE FIELDS ON COMPACT ORIENTABLE W-MANIFOLDS, M EVEN
AND >4. Let rj be a 2-plane field with finite singularities on M, where dim M = m, m even and >4. The index of rj is then an element of a group isomorphic to Z@Z 2 , and so has two components: the Z-index and the Z 2 -index. We are able to give a complete computation of the Z-index; the Z2-index is known only in certain cases. Now an oriented 2-plane bundle rj over a complex X is completely determined by its Euler class x(v)^H 2 (X; Z). This is because the classifying space BSO{2) is an Eilenberg-MacLane K(Z, 2)-space. Suppose that X is an orientable manifold M of dim 2q and let u be a class in H 2 (M; Z). Define
where the summation is taken over all nonnegative integers i and j such that i+j = q -l (dim M = 2g). One easily checks that 
Notice that T(u, v) = -T( -u, v)
, and so the set of integers occurring in the theorem is independent of the choice of orientation for M.
In general we are unable to compute the Z 2 -index of a 2-distribution rj with finite singularities. However, one can show [77, Theorem PROOF. We use the following easily derived facts. 
4.
Foliations. Suppose that a manifold M has a field of tangent ^-planes. We now regard such a field as a section 5 in the bundle with fiber Gm,k associated to the tangent bundle of M (m = dim M). In particular, we say that the field is smooth if the section 5 is a smooth map. Let N be an injectively immersed submanifold of M. We say that N is an integral submanifold of s if for each point x in N, the tangent space to N at x is the fe-plane s(x). DEFINITION 
A smooth &-plane field s is said to be completely integrable if through each point in M there is an integral submanifold of s.
An integrable fe-plane field is also called a foliation (this is equivalent to the local product condition of the classical definition [56] ) and the maximal connected integral submanifolds are called leaves. The leaves of a foliation partition the manifold.
A fundamental result on foliations is the theorem of Frobenius [67, p. 132].
THEOREM OF FROBENIUS. Let s be a smooth k-plane field on a manifold M. Then s is completely integrable if and only if f or every pair of vector fields X and Y on M, such that X(x), F(#)£s(#) for all x(EM, one has [X, Y](x)E:s(x).
Here [X, Y] denotes the Lie bracket of vector fields [67] . There is a dual formulation of the theorem in terms of differential forms, [ We consider in this section some basic questions about foliations.
Question 2. Suppose that a manifold M has a k-plane field. (a) (Reeb [56].) Does M then admit a k-plane field that is completely integrable-i.e., a foliation? (b) (Haefliger [17].) Under what conditions is the given k-plane field homotopic to a foliation? (c) If M has a k-dimensional foliation, then is every k-plane field on
M homotopic to a foliation? Reeb remarks, in [56] , that the answer to (a) is probably negative, in general. Using a recent result of Bott we will give an example where the answer is indeed negative. When k = 1 (and M is compact), (c) has an affirmative answer, by the classical existence theorem for ordinary differential equations (e.g., see [34] ). We will discuss recent results of J. Wood, which give an affirmative answer to (c) for k = 2 and M a compact 3-manifold-assuming that the normal bundle of the foliation is trivial. On the other hand, the recent work of Bott enables one to give examples where (c) has a negative answer. As to (b), it begins to appear that the normal bundle of the fe-plane field may be the determining factor as to whether the field is homotopic to a foliation.
I am indebted to J. Wood for several useful conversations about the material in this section.
An (w--fe)-plane field on an n-manifold will be called a plane field of codimension k. Most of the positive results on foliations concern plane fields of codimension one. Following Wood [84] we say that a manifold M satisfies condition H if it has the following property.
Condition H. Every plane field of codimension one, with trivial normal bundle, is homotopic to a foliation. THEOREM 
(WOOD). Every compact 3-manifold satisfies Condition
H.
(The existence of a foliation of codimension one on an orientable 3-manifold was proved by Lickorish [35] As to the existence of a foliation of codimension one, we consider the problem from the following point of view. Let M be a compact manifold with xM=Q and let Mo denote the open manifold obtained by removing a point from M. By Theorem 27, Mo has a foliation of codimension one, call it s. One can now try to follow the procedure given in §1-attach to s an algebraic "index" which measures whether or not s, restricted to some suitable subspace of M 0 , can be extended, as a foliation, to all of M.
In spite of the uncertainty of getting positive results by this procedure, the following conjecture still seems to me to be reasonable, although not as likely as Conjecture 6.
CONJECTURE 7. Every compact manifold with vanishing Euler characteristic has a foliation of codimension one.
The first place to test the conjecture is the odd-dimensional spheres.
Problem 8. Let n be an odd integer greater than three. Does S n admit a foliation of codimension one?
A. Phillips has pointed out that no example is known, other than S z , of a compact, simply connected manifold with a foliation of codimension one. Thus, as a generalization of Problem 8, we have Problem 9. Give examples of compact, simply connected manifolds (of dim>3), with a foliation of codimension one.
REMARK (ADDED IN PROOF). J. Wood has pointed out that examples can be constructed by taking the product of S* with a simply connected manifold. Thus, the problem really is to find other types of examples.
NONEXISTENCE OF FOLIATIONS. THE THEOREM OF BOTT. Up to now
there has been no way to study foliations using the familiar algebraic invariants of topology. However, in a recent lecture, R. Bott an-nounced a theorem which gives an algebraic tool for showing the nonexistence of certain foliations.
Let £ be a vector bundle over a complex X. Denote by i£*(£) C.H*(X; Q) the subring of the rational cohomology of X generated by the Pontrjagin classes of £. (We regard each class P;£ as a rational class via the natural inclusion ZCQ.) Notice that R*(%) = i?*(£©e n ), where e n denotes the trivial bundle of dimension n. Thus i?*(£) depends only upon the stable class of £. THEOREM 
(BOTT). Let M be a compact orientable manifold and let t] be an orientable (n -k)-plane field on M. Consider the quotient bundle TM/V. If V is homotopic to a foliation of M, then R
Of course the theorem gives information only when k^\ dim M and when there is at least one class P^TM/V)^®-In particular, the theorem gives no information when k = 1-the case of codimension one that we have considered above.
In §3 we showed the existence of certain 2-plane fields on CP m , for m odd. By putting a Riemannian metric on CP m , one then obtains, for each 2-plane field, a complementary (2m -2)-plane field. Using Bott's result, we will show that no such (2m -2)-plane field can be a foliation (for m>3). FOLIATIONS OF DIMENSION TWO. The positive results we have discussed so far have all been either in codimension one or dimension one. For foliations of dim k, with 1 <fe<dim M -1, essentially nothing is known concerning Question 2, except now the information given by Theorem 28. We now consider the case k = 2, where Theorem 28 gives no information.
In §3 we gave sufficient conditions for some manifolds to admit a 2-plane field-in particular we gave a complete classification of 2-plane fields (thought of simply as 2-plane bundles) on CP m . 
where cr 2 denotes "the bundle along the fibers" (see [6, §7.4] ). Since i*<T 2 = r(S 2 ) and xOS 2 )=2, the result follows from the fact that the bundle along the fibres, of a smooth fibration, is a foliation. Suppose that a compact manifold M admits a vector 2-field (Xi, X 2 ) (cf. § §1, 2) ; let s denote the 2-plane field spanned by (X u X 2 ). This seems to be an especially interesting type of 2-plane family to study, from the point of view of foliations. A possible conjecture is that every such (trivial) 2-plane field is homotopic to a foliation, but at present we really have no information on this question. One also can make the complementary conjecture: every plane field of codimension two, with trivial normal bundle, is homotopic to a foliation. By Theorem 26, the foliation has but a single point of singularity. Also, Theorem 28 imposes no conditions since the normal bundle is trivial.
4-DIMENSIONAL MANIFOLDS. Let M denote a compact, oriented 4-manifold, and let M 0 = M-pt. M 0 has a 2-plane field s, which on M is a 2-plane field with one singularity. Suppose that the 2-plane field on Mo is integrable. We define the index of this foliation to be the index of the 2-plane field s, which is a pair of integers as given in Theorem 18. S. S. Chern has suggested the following problem.
Problem 11 {Chern), For which pairs of integers (a, ô), as given in Theorem 18, does Mo have a 2-dimensional foliation with index (a, &)?.
Consider, for example, the complex projective plane CP 2 . Set P 0 =CP 2 -pt. Using Theorems 18 and 26 one obtains: The following pairs of integers occur as the index of a 2-dimensional foliation on P 0 :
FOLIATIONS OF SPHERES. Reeb [56, p. 112 ] defined a foliation of codimension one on 5 s , which has played a crucial role in subsequent work on foliations, (e.g., see [35] , [84] ). Now S z is parallelizable, which suggests that the next simplest manifold to study is S 7 , which is also parallelizable. In particular S 1 has fe-plane fields for lgfe^6. As always, the line fields are integrable. From the fibration one obtains a 3-dimensional foliation of S 7 . Now 5 s has a foliation of dimension 2, but it is not clear whether this can be extended to give a foliation of S 1 
5.
Methods. The theorems given in § §1-3 fall under the general heading: determine whether a given fiber bundle has a cross-section. In these theorems the bundle is always one associated to the tangent bundle of a manifold-with fiber either the Stiefel manifold V m ,k or Grassmann manifold G m ,k-Steenrod's book [65] gives the classical approach to obstruction theory for cross-sections to fiber bundles.
In recent years a different approach to obstruction theory has evolved, initiated by the work of Postnikov [54] . There are two important aspects to this more recent approach:
(i) the classifying bundle, and (ii) the Postnikov resolution of a map. We proceed to comment briefly on each of these.
We emphasize that, in what follows, only the homotopy-theoretic methods of § §1-3 will be discussed. The results given in §4 require rather different techniques, which will not be considered here.
THE CLASSIFYING BUNDLE. Let n be a fixed, positive integer and consider w-plane bundles over CW-complexes. For such bundles one has a classifying bundle y n (over a base space B n ) with the following property.
Fact 6. Given an w-plane bundle £ over a complex X there is a map ƒ (unique up to homotopy) from X to B n such that £ is equivalent to the bundle induced by ƒ from y n , f*y n (see Summing up then, we have reduced the cross-section problem to the problem of lifting a map to the total space of the classifying bundle. We now turn to a study of this problem.
THE POSTNIKOV RESOLUTION OF A MAP. We change the notation slightly. Let x be a map from a space T to a space B. Given a map/: X->B we are now studying the problem : determine whether ƒ lifts to T-i.e., does there exist a map g: X-+T such that Tg-f? We begin by observing a situation where this problem has a simple solution.
For the rest of the section we suppose that all spaces have a basepoint (written *) and that maps and homotopies preserve basepoints. Let C be a space; define the path space PC to be the space of all maps ?r: I-+C such that X(0)=*6C. In principle, then, the lifting problem is solved-assuming we have the resolution 8 and assuming we can compute the sets 0 k (f).
We now discuss these two assumptions. EXISTENCE OF THE POSTNIKOV RESOLUTION. Suppose that T: T-*B is a fibration such that T and B are CW-complexes. (Up to weak homotopy type, any map can be altered to satisfy these hypotheses; see § §2.8.9 and 7.8.1 in [64].) We assume moreover that the fiber of 7r, F, is 1-connected and that the fundamental group of B acts trivally on the homotopy groups of F. THEOREM 
(POSTNIKOV, J. MOORE). There exists a Postnikov resolution f or ir.
Postnikov proved this for the case B is a point [54] ; Moore then proved the general case, in the setting of semisimplicial complexes [46] . Hermann [20] gave the proof for an ordinary fibration, as did Eckmann-Hilton (see [22] ). (The condition that F is 1-connected can be somewhat relaxed; see the proof of the theorem given by Spanier [64, §8.3].)
By the proof given for the theorem, each space C r is an EilenbergMacLane space K(w r F, r+1). Thus given a complex X and a map ƒ : X-^Er-i, 6 r (f) is a collection of cohomology classes in H r+1 (X; ir r F). Thus for the Postnikov resolution to be a successful tool we must deal with the following problem.
Problem IS. Give a general method for computing the cohomology sets
We indicate below a partial solution to this problem. REMARK. Recently Mahowald [37] , [15] has introduced several important modifications in the construction of a Postnikov resolution. In particular he shows that often one can take the spaces C r to be products of several Eilenberg-MacLane spaces. We now make several simplifying assumptions.
(1) 0<&<connectivity of B<n. REMARK. Relation (B) can be either an actual relation in the algebra A% (i.e., a "stable" relation) ; or it may simply be a relation among cohomology operations which holds on all cohomology classes with degree less than a given integer. We illustrate both possibilities in the examples given below.
Adams [l] has defined the notion of a secondary cohomology operation associated with a relation in A 2 . Let $ be an operation associated with (B). Then <E> is defined on those cohomology classes u of a space X such that (3u = Q and S^u = 0, l^i^r.
Moreover, if we set Indet*(X; 3>) = aH*(X) + £ yi H*(X) 9 i then $(u)eH*(X)/lndet*(X; $). Notice that by (A), * is defined on p*V and 7r*F. The following result is a special case of Theorem 5. 
6(f) = *(f*v).
We give two examples to illustrate the corollary. Both deal with the question : when does an w-dimensional vector bundle £ have two independent cross-sections? If £ is over a complex X then by using the classifying bundle we can regard J as a map X-+B n ; and hence £ has two independent sections if and only if it lifts to E n {2). Now one can show that the space E n (2) has the same homotopy type as J5n-2, with the natural map T: B n -2-*B n playing the role of the projection E n (2)-*B n . Thus we study the lifting of £ to -B n _ 2 .
We now assume that n is odd. The fiber of 7r is the Stiefel manifold V n ,2-a space which is (» -3)-connected, with T n -2V nt 2~ir n -iV n ,2 = Z2 (see [6S] , [50] ). A Postnikov resolution for w can be constructed following Theorem 31 ; the first stage is given below:
Here w"_i denotes the universal Stiefel-Whitney class in i? B_1 (J3") (see [72] ). We have computed 0(£) in terms of the operation <£. But this is a real gain, for one has several methods available for computing secondary operations. (A trivial example: if mi s £ = 0, then 0(£) =<£(w 4s £) =$(0) =0.) In particular, if X is a spin manifold with £ its tangent bundle, then one can show that OG<i>(^4s5). This proves that a spin manifold of dimension 4s+3 has span ^ 2.
REMARK. Hypothesis (1) made above is unduly restrictive. In fact the theory can be developed without it. One replaces the ordinary Steenrod operations with twisted cohomology operations. (See [16] and [42] ; an exposition of these is given in [74, §4] .) Using these operations one can continue to define a generating class and prove the analogue of Theorem 32, without assuming hypothesis (1) . By this method one establishes Theorem 2 in its full generality, without the assumption (made above) that M is a spin manifold. For complete details, see [74] .
EXAMPLE II. w = l mod 4. Set w = 4s+l, s^l. The method given in Example I will no longer work, because w± 8 -% is not a generating class for 0. We describe here a second method.
With each w-plane bundle £ over a space X one associates a new space Z?, the Thorn space of £. (Roughly speaking T% is the "disk" bundle of £ with the "sphere" bundle collapsed to a point. See .) We assume now that our bundles are oriented w-plane bundles; the class U can now be taken as an integral cohomology class.
In diagram (**) we now take £»_2, B n to be classifying spaces for oriented bundles. Let
T = T(y n ), T = T(**y n ).
The map ir induces a map TV: T'-^T. Consider the following diagram : To utilize the corollary, we must calculate the operation Q on Ux* This has been done in two different situations.
(1) Suppose that X is a compact orientable manifold M f and that £ is the normal bundle to an immersion of M in R s * +2 . Then, Î2( Ux) = 0 and so we obtain «(Ö = w 2 (Ö • w<*-i(Ö.
This type of calculation has been exploited by Mahowald-Peterson [39] to obtain immersion theorems for manifolds, using the theorem of Hirsch [23] . (iii) Because of the use made of the Serre isomorphism theorem in [72] , the hypotheses given on p. 12 of [72] (first sentence) should be strengthened to include: E and B are 1-connected. 
